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Midterm Examination ”Geodynamics” March 7 , 2012

The gravity potential of a spherically symmetric planet, U(r), is described by Poisson’s equa-
tion in the radial coordinate,
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problem: 1

1. Derive expressions for the gravity poten and the gravity force field g = |g| inside and outside
the planet,
«mmmw.. Solve Poisson's equation in spherical coordinates for the interior {r < R) and exterior domaoin
> R separately. m w& separate mmmmwmﬁm for the interior Uiy, giny ond ?&mw%w Texts Jext domnain
each contain two integration constants which can be determined by applying the following boundary
condifions,
w% Ueat(r) =0, 1im gine(r) < o0 (23
r—3{}
continuity of the gravity accelaration g at the surface r = R,
Gint mmw = MQM%WWW MAWM
Continuity of the gravity potential U at the surface r = R,
+(R) = Uy (R) (4)
Answe
&.mw . 2r 5 3GM (5)
Jing = —lapel . Uiy = o Gppr® — = {5
3 2 R
where M = Mmmwwmm ts the planet moss and G is the gravitational constant.
GM . GM o
Gext = 5=, Uppy = — - (6}
P .
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Verify that the external gravity force field is identical to the field of a concentrated point mass at r = 0.

3. Derive an erpression for the radial mmmwgw&w%ﬁ of the pressure in the planetary interior and compute
the central pressure for a case with py = 5.5 - 10%kgm ™ and R = 6.371 x 10%m.
Solution: P(r) = 2 p2G (R* — r?)
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problem: 2 Derive the capression (7) (where the depth z is not to be confused with a cartesian coordinate)
for the lithostatic pressure in a spherically symm: WM ric planet wﬁwmw the Stokes equation for o static medium,

mwmmw& -+ pg; = iy M%W

Hint: Assume hudrostatic conditions where the stress tensor can be written as o, = ~P&,., and derive from
MM 13 i} o
the Siokes equation [8) for the p = &.%mmm VP =pg.
problem: 3
1. Derive the following eguation for the temperature distribution of o W- A layer.
g ]
_G4q (9
mww 594 >
where & and cp are the thermal expansion coefficient and the specific heat at constant pressure.
Hint: Use the differential for the entropy,
; 5N -
\OP /., )

rmodynamic relations: (8S/91) p = cp/T and (05 = —a/p.

and the the

2, Derive the expression for the temperature profile for an adiabatic layer, sometimes referved to as the
‘adiabat’, by &a%w equation (9),
rs . 5 3
. Tag o) .
T{ry=T{R)exp dr (11)
w/w r CP /
The temperature mﬁw&@@%& MQ = T(R) is known as the potential temperature of
W-A layer. The quantity Hy noun as the thermaol scale N% t of the layer.
5. Derive an expression from (11) wm the special case with a constant value of the scale height parameter.

near the bottom of the mantle by adicbatic extrapolation of the

problem: 4 Estimate the temperature
enth of the core mantle

ternperature Tyeo 1900K of the phase transition near 660 km depth, to the
boundary, using the general expression for the adiabat in a homogeneous layer.
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Hints: apply the result of problem 3 and assume uniform values of the ‘scale height parameter’ Hy =
(ag/ep)™t, with o =2 - 107K, g = 9.8ms™ %, cp = 1250Jkg =K ~t. Further: approwimate the adiabat by

linear depth function, to obtain a uniform adiabatic

temperature grodient.



